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Generating Anisotropic Collapse and Expansion Solutions of
Einstein’s Equations
E.N. Glass
Physics Department, University of Michigan, Ann Arbor, MI
(Dated: 7 August 2013)
Analytic gravitational collapse and expansion solutions with anisotropic pressure
are generated. Metric functions are found by requiring zero heat flow scalar. It
emerges that a single function generates the anisotropic solutions. Each generating
function contains an arbitrary function of time which can be chosen to fit various
astrophysical time profiles. Two examples are provided: a bounded collapse metric
and an expanding cosmological solution.
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I. INTRODUCTION
The general problem of anisotropic fluids which undergo spherical collapse with energy
transport by heat flow was formulated some time ago by Misner and Sharp [1]. General
relativistic models with anisotropic stress have become increasing useful [2, 3]. There has
been considerable interest in anisotropic spheres [4–8] because of applications to stellar
models [9–12]. Collapse has been studied in the semiclassical regime by Visser et. al.
[13]. They found that Hawking radiation might prevent formation of a trapped surface and
subsequent horizon, although an exponential approach might allow it to form in infinite time.
They proposed a new class of collapsed objects with no horizons. (In this work, the collapse
example does have a trapped surface.) Herrera and Santos [14] have reviewed anisotropy
in self-gravitating systems. Among the topics in their extensive review are discussions of
the energy content of collapsing spheres and the stability of perturbed solutions. Herrera
et. al. [2] mention the possibility of a single generating function for non-static anisotropic
solutions. That possibility is developed in this work.
In previous work [15], a method of generating collapse solutions with radial heat flow
was presented. That method took a known spherical perfect fluid solution which was either
2static or in shear-free collapse and mapped it to a spherical shear-free collapse solution with
radial heat flow. In this work, a different method of constructing anisotropic solutions is
presented. The metric components are obtained by requiring zero heat flow scalar. A single
function R(t, r) and a parameter ”α” generate anisotropic solutions. Not all (α,R) pairs are
allowed, since the α values are restricted. The fluid volume rate-of-expansion determines
the type of anisotropic solution. There are two possibilities: collapse with shrinking volume
and expansion with increasing volume.
The paper is organized as follows: section II describes the metric and metric functions.
Section III covers energy-momentum components and treats the sectional curvature mass.
Generated solutions are given in section IV. Section V has matching conditions which relate
the interior and exterior. The work is summarized in section VI. Appendix A contains a
general metric, an associated energy-momentum tensor with heat flow, and trapped surface
equations.
II. METRIC AND COMPONENTS
The collapse interior has an exterior which is vacuum Schwarzschild. Expanding interi-
ors have cosmological exteriors. Both collapse and expanding interiors are covered by the
spherically symmetric metric
ganisoµν dx
µdxν = A2dt2 − B2dr2 − R2dΩ2 (1)
where A = A(t, r), B = B(t, r), R = R(t, r), and where dΩ2 is the metric of the unit sphere.
The velocity is comoving with uˆµ∂µ = A
−1∂t. The interior metric is spanned by the tetrad
uˆµdx
µ = Adt, rˆµdx
µ = Bdr,
ϑˆµdx
µ = Rdϑ, ϕˆµdx
µ = Rsinϑdϕ
such that
ganisoµν = uˆµuˆν − rˆµrˆν − ϑˆµϑˆν − ϕˆµϕˆν . (2)
3Metric components
Metric components are chosen so that the heat flow scalar Q = 0. The equation for Q is
written from Eq.(A6), where primes denote ∂/∂r, and overdots denote ∂/∂t, as
A′
A
R˙
R
+
B˙
B
R′
R
− R˙
′
R
= 0. (3)
We find that,
A = h(t)
R˙
Rα
, h(t) arbitrary (4)
B = f(r)Rα, f(r) arbitrary (5)
satisfies Eq.(3) identically for arbitrary R(t, r). As a metric component A = h(t)R˙/Rα
allows h(t) to be absorbed by redefining dt, similarly for f(r) and dr. Therefore we set
h(t) = f(r) = 1. The interior metric is now
ganisoµν dx
µdxν = (R˙/Rα)2dt2 −R2αdr2 − R2dΩ2. (6)
Using values from Eqs.(4) and (5) for A = R˙/Rα and B = Rα, the fluid volume rate-of-
expansion and rate-of-shear scalar, given in Eq.(A4c) and Eq.(A4d) respectively, are
Θ = (α + 2)Rα−1 (7)
σ = (1− α)Rα−1 (8)
thus restricting α : α 6= −2, 1. The value of Θ provides two different interiors: collapse with
α < −2 and expansion with α > 1.
We define a dimensionless measure of anisotropy as
△ a := pr − p⊥
pr
. (9)
III. ENERGY-MOMENTUM AND MASS
The energy-momentum given in Appendix A is written here with zero heat flow qµ, since
the heat scalar is chosen to vanish
T µν = wuˆµuˆν + prrˆ
µrˆν + p⊥(ϑˆ
µϑˆν + ϕˆµϕˆν) (10)
4with fluid velocity uˆµuˆµ = 1 such that uˆ
µ∂µ = A
−1∂t. w is the mass-energy density, pr is the
radial pressure and p⊥ is the tangential pressure.
Substituting in equations (A8), (A9), and (A10) for A = R˙/Rα and B = Rα, we have
8πw = (1 + 2α)R2α−2 − 1
R2α
[
2
R′′
R
+ (1− 2α)(R
′
R
)2
]
+
1
R2
(11)
8πpr =
1
R2α
[
(2α− 1)(R
′
R
)2 − 2R˙
′
R˙
(
R′
R
)
]
+ (1 + 2α)R2α−2 +
1
R2
(12)
8πp⊥ = −α(1 + 2α)R2α−2 (13)
+
1
R2α
[
R˙′′
R˙
+ (1− 3α)R˙
′
R˙
(
R′
R
) + (1− α)R
′′
R
+ α(2α− 1)(R
′
R
)2
]
Specifying R(t, r) and α distinguishes an anisotropic configuration.
Sectional Curvature Mass
Equation (A7) provides the sectional curvature mass with A = R˙/Rα and B = Rα
2m
R
= 1 +R2α − (R′)2R−2α (14)
When R′ = R2α there is a possible trapped surface at R = 2m. From equations (A11) and
(A12) the trapping scalars are
κ1 =
Rα
R
+
R′
Rα+1
, κ2 =
Rα
R
− R
′
Rα+1
(15)
When κ1 and κ2 have the same sign, a trapped surface will exist. For R
′ = R2α the trapping
scalars are
κ1 = 2R
α−1, κ2 = 0 (16)
They are both non-negative, therefore during collapse a trapped surface develops at R = 2m.
The trapped surface condition R′ = R2α has the integral
R1−2αtrap = (1− 2α)r +H(t), H arbitrary (17)
When the trapped surface condition R′ = R2α is substituted into equations (11,12,13)
then
8πw = R−2trap, 8πpr = R
−2
trap, p⊥ ≡ 0. (18)
5IV. GENERATED SOLUTIONS
(A) α = −5/2
The rate-of-expansion must be negative for collapse, therefore α must be less than −2.
Here we assume α = −5/2. A trapped surface occurs when R′ = R2α. Thus R′ = R−5 or
(R6)′ = 6 with solution
Rtrap = [6r + h1(t)]
1/6, h1(t) arbitrary (19)
The density and pressure equations for α = −5/2 become
8πw = −4R−7 − 2R5
[
R′′
R
+ 3(
R′
R
)2
]
+R−2 (20)
8πpr = −2R5
[
3(
R′
R
)2 + (
R′
R
)
R˙′
R˙
]
− 4R−7 +R−2 (21)
8πp⊥ = −10R−7 +R5
[
R˙′′
R˙
+
17
2
R˙′
R˙
(
R′
R
) +
7
2
R′′
R
+ 15(
R′
R
)2
]
(22)
We assume R = k(6r + h1)
1/6. The density and pressures in this case are
8πw = 4k5(1− k−12)(6r + h1)−7/6 + k−2(6r + h1)−1/3 (23)
8πpr = 4k
5(1− k−12)(6r + h1)−7/6 + k−2(6r + h1)−1/3 (24)
8πp⊥ = 10(k
4 − 1)(6r + h1)−7/6. (25)
The mass-energy density w(r) is graphed below in Figure 1.
When k = 1 the density and pressures revert to the trapped values given in Eq.(18). The
sectional curvature mass given in Eq.(14) is
2m1(t, r) = R[1 + (1− k2)R−5] (26)
The constant k and function h1(t) remain free choices.
The dimensionless measure of anisotropy, defined in Eq.(9), is given by
△ a = 1 + 10k
2(1− k4)
4k7(1− k−12) + (6r + h1)5/6 (27)
For h1(t) constant and fixed k, the anisotropy is a maximum at the center r = 0. As r
increases △a falls to 1 + ǫ (r has an upper bound - see the section on Matching). At the
trapped surface, where k = 1, there is a minimum with △a = 1.
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FIG. 1: k = 2, h1(t) = 1, w vs r (unscaled)
(B) α = 3/2
We choose α = 3/2 with Θ = (5/2)R1/2 for expansion. We also choose
R = (r2 + r20)
−1 + h2(t), h2(t) arbitrary (28)
For α = 3/2
8πw = 4R− 2R−3[R
′′
R
− (R
′
R
)2] +R−2 (29)
8πpr = 2R
−3[(
R′
R
)2 − (R
′
R
)
R˙′
R˙
] + 4R +R−2 (30)
8πp⊥ = −R[2R¨
R˙
(
R
R˙
) + 3] +R−3[
R˙′′
R˙
− 3
2
(
R˙′
R˙
)(
R′
R
)− 1
2
R′′
R
+
3
4
(
R′
R
)2] (31)
With F (t, r) := 1 + h2(t)(r
2 + r20) and R = F/(r
2 + r20), the density and pressures in this
case are
8πw =
4F
r2 + r20
+
(r2 + r20)
2
F 2
+
4(r2 + r20)(r
2
0 − 3r2)
F 4
+
8r2(r2 + r20)
F 5
(32)
8πpr =
4F
r2 + r20
+
(r2 + r20)
2
F 2
+
8r2(r2 + r20)
F 5
(33)
8πp⊥ = − F
r2 + r20
[2F
F¨
(F˙ )2
+ 3] +
(r2 + r20)
2(r20 − 3r2)
F 4
− 3r
2
F 2(r2 + r20)
2
(34)
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Fig.2 h2(t) = 1, r0 = 1, w vs r (unscaled)
The sectional curvature mass is
2m2(t, r) =
F
r2 + r20
[
1 +
F 3
(r2 + r20)
3
− 4r
2
(r2 + r20)F
3
]
. (35)
When h2(t) = 1 and r0 = 1, as in Figure 2, then as r →∞ 2m2 → 2.
V. MATCHING
Interior and exterior regions match across a separating boundary Σ if the first and sec-
ond fundamental forms are continuous across Σ [16]. The collapsing interiors match to a
Schwarzschild exterior
ds2(+) = (1− 2m0/r˜)dt˜2 − (1− 2m0/r˜)−1dr˜2 − r˜2dΩ2. (36)
The interior metric is
ds2(−) = A
2dt2 − B2dr2 − R2dΩ2. (37)
(Interior objects will be indicated by a minus and exterior objects by a plus.) The metric
match requires
A = (1− 2m0/rΣ)1/2 (38)
B = (1− 2m0/rΣ)−1/2 (39)
R = rΣ (40)
8At the boundary, the sectional curvature mass must equal the exterior Schwarzschild mass
parameter
m(rΣ) = m0 (41)
The unit normal to the boundary is
Nµdx
µ = −(1 − 2m0/rΣ)1/2dt˜+
√
2(1− 2m0/rΣ)−1/2dr˜ (42)
such that gµν(+)NµNν = −1
Junction conditions equivalent to continuity of the second fundamental form are
(GµνN
µNν)+Σ = (GµνN
µNν)−Σ , (43)
(GµνN
µeνj )+Σ = (GµνN
µeνj )−Σ , (44)
where three linearly independent eνj span the boundary surface. The Schwarzschild exterior
is vacuum, so that
(GµνN
µNν)−Σ = 0,
(GµνN
µeνj )−Σ = 0.
This implies that at the boundary
(w)Σ = (pr)Σ = (p⊥)Σ = 0 (45)
i.e. the density and pressures must vanish. Figure 1 show the density falling off to zero.
The pressures fall off similarly.
Expanding solutions have cosmological exteriors. Collins [17] discussed the global prop-
erties of Kantowski-Sachs [18] cosmologies. He dropped their dust condition and showed in
detail how the expanding interiors relate to their cosmological exteriors.
VI. SUMMARY
Analytic anisotropic collapse and expansion solutions have been generated. The inte-
rior collapse metric has been matched to an exterior Schwarzschild vacuum. The collapse
solution has a trapped surface where the dimensionless anisotropy measure is minimized.
To paraphrase Herrera and Santos [14]: ”For dense systems, phase transitions may occur
9during gravitational collapse, particularly transitions to a pion condensed state. A softened
equation of state can provide a large energy release which is important in the evolution of
collapsing configurations.” Additionally, redshift data from the Coma cluster of galaxies [19]
shows a distinct infall region.
Expanding solutions have been discussed by Collins [17]. These solutions allow inhomoge-
neous cosmologies to be modelled. For instance, Barrow and Maartens [20] have investigated
the effect of anisotropic stresses on the late-time evolution of inhomogeneous universes. They
found decay of shear anisotropy to be slowed by the presence of anisotropic stresses. They
also found attractor solutions relating distortion in the expansion anisotropy to the fractional
density in anisotropic stress.
This work differs from previous studies such as [2, 4, 5, 9, 11] which are static, and
studies [22] in which the spherical area radius is simplified to r, rather than R(t, r) used
here. We find this is the only work which uses R(t, r) to generate solutions. In summary,
the solution generating function is R(t, r) with parameter ”α”. R(t, r) was constructed
by requiring zero heat flow scalar. For each valid choice of α and R(t, r), one obtains an
anisotropic configuration which collapses or expands, and each generating function contains
an arbitrary function of time which can be chosen to fit various astrophysical time profiles.
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Appendix A: Energy-Momentum and physical components
Metric
ganisoµν dx
µdxν = A2dt2 − B2dr2 − R2dΩ2
is Petrov type D. The two principal null vectors, normal to (ϑ, ϕ) two-surfaces, are
lµ∂µ = A
−1∂t +B
−1∂r (A1)
nµ∂µ = A
−1∂t − B−1∂r. (A2)
The energy-momentum tensor is given by (G = c = 1)
T µν = wuˆµuˆν + prrˆ
µrˆν + p⊥(ϑˆ
µϑˆν + ϕˆµϕˆν) + qµuˆν + uˆµqν (A3)
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where pr is the radial pressure, p⊥ is the tangential pressure, w is the mass-energy density,
and qµ is the radial heat flow vector orthogonal to uˆµ. We use notation of Taub [21] for
w. Taub’s purpose was to distinguish mass-energy density from proper mass-density ρ, with
w = ρ(1 + ǫ). This allows the first law of thermodynamics to be written in its usual form
Tds = dǫ + pd(1/ρ) with specific entropy s and specific internal energy ǫ. The kinematics
of the fluid are described by
uˆµ;ν = aµuˆν + σµν − (Θ/3)(rˆµrˆν + ϑˆµϑˆν + ϕˆµϕˆν), (A4a)
aµdx
µ = −(A′/A)dr, (A4b)
Θ = A−1(B˙/B + 2R˙/R), (A4c)
σµν = σ[−2rˆµrˆν + ϑˆµϑˆν + ϕˆµϕˆν ], σ = A−1(R˙/R− B˙/B) (A4d)
where primes denote ∂/∂r, and overdots denote ∂/∂t. The rate-of shear σµν is trace-free,
and σµνσ
µν = 6σ2. The heat flow vector (qµuˆµ = 0) is given by
4πqµ∂µ = Q∂r (A5)
Q = (AB)−1
[
A′
A
R˙
R
+
B˙
B
R′
R
− R˙
′
R
]
(A6)
The sectional curvature mass is
2m = R3Rαβµν ϑˆ
αϕˆβϑˆµϕˆν = R[1 + R˙2/A2 − (R′)2/B2]. (A7)
The mass-energy density and pressures are given, respectively, by
8πw =
1
A2
[
(
R˙
R
)2 + 2
R˙
R
B˙
B
]
− 1
B2
[
2
R′′
R
+ (
R′
R
)2 − 2B
′
B
R′
R
]
+
1
R2
(A8)
8πpr =
1
B2
[
(
R′
R
)2 + 2
R′
R
A′
A
]
− 1
A2
[
2
R¨
R
+ (
R˙
R
)2 − 2R˙
R
A˙
A
]
− 1
R2
(A9)
8πp⊥ = − 1
A2
[
R¨
R
+
B¨
B
+
R˙
R
(
B˙
B
− A˙
A
) +
A˙
A
B˙
B
] +
1
B2
[
R′′
R
+
A′′
A
+
R′
R
(
A′
A
− B
′
B
)− A
′
A
B′
B
] (A10)
Trapped Surfaces
The topological two-spheres (ϑ, ϕ) nested in an R = const surface at time t have outgoing
null geodesic normal lµ and incoming null geodesic normal nµ. The two principal null vectors
11
(A1) and (A2) provide trapping scalars
κ1 = l
µ∂µ(lnR), κ2 = n
µ∂µ(lnR).
When scalars [23] κ1 and κ2 have the same sign, a trapped surface [24] will exist:
κ1 = A
−1(R˙/R) +B−1(R′/R) (A11)
κ2 = A
−1(R˙/R)− B−1(R′/R). (A12)
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